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This note focuses on two points: it provides further evidence that bottom friction does
not explain why shallow water waves move slowly, and it introduces a

straightforward experiment to replicate part of the original findings.

Nevertheless, this note may also be read as a self-contained piece.



In high school physics, when studying water wave refraction, students often observe
that waves slow down when passing over a block placed in the ripple tank that is

shallower than the surrounding water. This change in wave speed causes refraction.

However, standard textbooks seldom explain why the wave speed decreases. Some
unofficial resources attribute the phenomenon to bottom friction, but that explanation

is erroneous (see P.7). This article will discuss a more accurate physical explanation.

Some Basic Physics of Water Waves

(I) Nature of Wave Motion

A wave is simply the propagation of a wave form from one location to another; it does
not involve the transport of matter. The same holds for water waves, which are neither

purely transverse nor purely longitudinal.

Water waves propagate horizontally along the water surface, while the particles of
water at and below the surface move in both vertical and horizontal directions

periodically.

1. Before the wave arrives, the water surface is flat. When the wave passes, some
portions rise to form crests, while others sink to form troughs. These vertical

displacements arise from vertical motion of the water particles.

2. Beneath a crest, the local water volume increases relative to the undisturbed
level, and beneath a trough the volume decreases. This necessitates a

horizontal flow of water.

Hence, the vertical and horizontal particle motions complement each other, forming

coupled harmonic oscillations with no net transport of matter.

The waveform of a practical water wave is not perfectly sinusoidal; crests are slightly

‘sharper’ than troughs.



Only when the wave amplitude is much smaller than the wavelength (a weak wave)

can the waveform be approximated as sinusoidal.

(IT) Assumptions for the Model
We focus on waves satisfying the following assumptions:

® The amplitude A is much smaller than the wavelength A.
® The water is an inviscid, incompressible, and irrotational fluid.

® The surface wave is gravity-generated.
(IIT) How Do Water Particles Move?
Let d represent the water depth.

1. Case 1: d » A: Deep Water Waves
When waves are generated in deep pools or the open ocean, the surface
particles move vertically in circular orbits whose radius equals the wave
amplitude.
The radii of these circular motions decay rapidly with depth, and motion

becomes negligible around half a wavelength below the surface.
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2. Case2: d < A: Shallow Water Waves (also called Long Waves)
Examples include ripples in a shallow tank or tsunami waves.
In this regime, both surface and subsurface particles move along elliptical

paths.



® The horizontal amplitude of this elliptical motion is independent of depth;
every layer moves with the same horizontal oscillation amplitude.

® The vertical amplitude, however, decreases linearly with depth: it equals
the wave amplitude at the surface and becomes zero at the bottom.

Thus, particles at the bottom move only horizontally.
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(IV) Wave Speed Formula

The general formula for wave speed is:

c = \/%tanh (kd) (1)

. 2w . . . .
where ¢ is wave speed, k = - s the wavenumber, g is the gravitational

acceleration, and d is water depth.

1. Ford>» A: kd »1=>tanh(kd) = 1=c = %.

Here the speed depends on wavelength but not depth.

Denote Cq = % (2)

2. For d € A: kd € 1 = tanh(kd) = kd = ¢ = /gd.

Denote Cg = w/gd. 3)
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Graphl: For fixed wavelength /, the ratio ¢/cq versus d/A is plotted.
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Graph 2: For fixed wavelength A, the ratio ¢/cs versus d/4 is plotted.



From Graphs 1 and 2, three key points can be summarized:

1. Wave speed increases with water depth.
When the water depth is roughly half the wavelength or greater (d/2>0.5),
Equation (2) becomes quite applicable. Therefore, the “deep-water region”
does not actually require an extremely deep body of water — a depth equal to
half the wavelength is already sufficient. At that point, the wave speed no
longer depends on water depth, and Equation (2), ¢ = ,/g/k applies.

2. For shallow-water waves, d «< A.
In practice, this condition means approximately d// < 0.05; that is, the water

depth is less than one-twentieth of the wavelength. Under such conditions,
Equation (3), ¢ = \/gd applies.

3. Even when the condition “d/A <0.05” is not strictly met, the qualitative
statement “wave speed increases with depth” remains valid.
Although Equation (3) (¢ = \/ﬁ) becomes less accurate when d// exceeds
0.05, as long as d/A < 0.5, it still qualitatively describes the trend that wave

speed increases with water depth.

The reason for point (1) is that surface water waves can at most induce particle motion
down to a depth roughly equal to half the wavelength beneath the surface. This depth
is already sufficient to carry water back and forth between crests and troughs; deeper

water does not affect wave propagation in any way.

Points (2) and (3) are the focus of this article. We concentrate on shallow-water
waves, because in this regime we have the simple and convenient relationship ¢ =
\/ﬁ to use and to reason with, thus naturally enhancing both the persuasiveness and
ease of explanation.



Why “Bottom Friction” Is Not the Correct Explanation

1. Bottom friction not always opposes wave’s motion
A wave is simply the propagation of a wave form from one location to another;
it does not involve the transport of matter. The same holds for water waves,

which are neither purely transverse nor purely longitudinal.

For shallow waves (water depth << wavelength), water particles right at the
bottom oscillate back and forth in periodic motion parallel to the floor.

When bottom friction is present, it opposes the wave's motion half the time
and moves with it the other half, so it doesn't consistently slow the wave,

unlike a block sliding on a rough surface.

2. Formula does not contain “bottom friction”

® The verified relation ¢ = /%tanh (kd), or ¢ = ,/gd, follows from well-

established fluid theory and experiments, with no friction term present.

® [fbottom friction truly caused the speed difference, one should be able to
derive the same formula from bottom frictional forces, yet no such derivation

exists.

® Moreover, friction would only slow waves, never speed them up. But as
waves move from deep to shallow and back to deep regions, their speed
decreases and then increases again; a phenomenon bottom friction alone

cannot explain.

3. Bottom friction has very small effect on wave speed

® [f friction significantly affected wave speed, one could observe water wave
refraction by simply altering the roughness of the tank bottom at constant
depth. This does not occur in experiments, implying friction’s influence on

wave speed is negligible.

ripple tank of uniform depth

very rough bottom  very smooth bottom



® In hydrodynamics, bottom friction primarily causes amplitude attenuation,

not significantly reducing wave speed.

4. A Mechanical Analogy

Imagine a spring suspending a solid cube of height d. Pull it down slightly and
release. This system performs simple harmonic motion.
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Question: Why does the oscillation frequency decrease when d increases?
Answer: A larger cube implies an increased cross-sectional area, resulting in
higher air resistance while oscillating. Consequently, its motion is impeded to a

greater extent, leading to a reduction in oscillation frequency.

Is this answer correct? Definitely not, although damping, in fact, can slightly

reduce frequency, it cannot explain the actual drop.

displacement from equilibrium position
¢=0 ¢=0.1

time



For instance, when d is doubled, the mass m increases eightfold, and the
frequency decreases by a factor of 0.35, of which the air resistance can in no
way be explained. One has to use the formula w = \/k/_m to explain.

Air resistance changes frequency very slightly, but it is not the fundamental

cause.

Likewise, bottom friction might somehow reduce wave speed very
slightly but surely is not the basic reason that “shallower water
waves move slower.”

The Center-of-Mass Simple Pendulum Model

In 1987, UC Berkeley physicist Frank S. Crawford published a short paper in
American Journal of Physics titled “A simple model for water-wave dispersion
relations.” (Am. J. Phys. 55, 171-172 (1987)) He showed that one can derive shallow
water wave speed ¢ = \/g_d by modeling a water standing wave as the motion of the
system’s center of mass (CM).

We find this model not only reproduces the formula but also provides an intuitive

qualitative reason for the depth-dependence of shallow water wave speeds.



Consider a rectangular tank filled with water in which a standing wave is formed.

1. The wavelength A equals twice the tank width w: A = 2w, representing the
fundamental mode.

2. Neglect friction in the water and at the boundaries; both ends are antinodes.
3. Wave speed ¢ = A/T, where Tis the period.

4. In everyday experience, when you carry a basin of water that sloshes back and

forth, you are witnessing this very oscillation.

w =N2

t=T/2

We now ask two questions:

1. How does the water body’s center of mass move as the standing wave
oscillates?

2. How does this motion change with increasing water depth?

Before reading on, try predicting the outcome.
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A hands-on experiment

The “Plumb Line Method” is employed to locate the center of mass of the

standing wave.

Step 1: On graph papers, plot the wave profile

y = Acos (27‘[ %) cos (277%) for two different water depths at several instants

in time (for example, two).

Curve parameters

All Graphs: A = 40 units, A = 4 units. (1 unit = 1 cm)
Graph A & B: d = 8 units (shallow water)

Graph C & D: d = 14 units (deep water)
Graph A & C: t=0

Graph B & D: t=T/8
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Step 2: Mount the graph papers on stiff uniform card boards.

Step 3: Cut out the wave shapes.

Step 4: Use two small holes and a plumb line to locate the CM for each shape.

~
-
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1. Experiment Results:
Shallow water (t = 0)

(i)

when the surface is horizontal (das ]

Acos451

(ii)

Shallow water (t = T/8)
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(iii)  Deep water (t = 0)
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(iv)  Deep water (t = T/8)

Acos45]
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2.

Graph plotting

Plotting 1 (Shallow water):

A =40 units, A = 4 units, d = 8 units.
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CM’s Locus
XCM -2.05 -1.5 1.5 2.05
ycMm 0.48 0.25 0.25 0.48
Plotting 2 (Deeper water):
A =40 units, A =4 units, d = 14 units.
CM’s locus
XCM -125 -0.85 0.85 1.25
ycMm 0.27 0.14 0.14 0.27
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The data collected in our experiment are sufficiently accurate to support a concrete
conclusion. The two figures below, including the calculated centers of mass (CMs),
were generated using a spreadsheet. The left-hand figure represents the shallow-water
region, and the right-hand one represents the deep-water region, both using the same
wavelength and water-depth parameters as before.
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3.

Interpreting the Results

1. The CM of the standing wave moves in a circular path, performing a simple

harmonic motion governed by cos (wt).

2. Since water waves are driven by gravity, this circular motion effectively

behaves like a simple pendulum.

3. The period of a pendulum is T = 2m,/L/g, depending only on gravitational
acceleration g and pendulum length L.

4. The deeper-water case shows a shorter effective pendulum length, hence a
shorter period. For the same wavelength, a shorter period implies higher

wave speed ¢ = A/T.

5. Accurate geometric analysis confirms that L o 1/d, implying ¢ « vd.

Physical Interpretation
1. Increasing water depth adds more mass beneath the oscillating surface. The
deeper the water, the less influence the surface elevation exerts on the overall

motion.

2. Thus, deeper water results in smaller particle displacements and a CM that

moves in tighter, smaller-radius paths around its equilibrium.

3. The deeper the water, the more the CM path curves, effectively shortening
the pendulum length, which yields a shorter period and hence faster wave

speed.

In short, surface undulations (the “disturbing” effect) and the
underlying water mass (the “stabilizing” effect) compete with each
other.

As water depth increases, the stabilizing influence dominates, leading
to a more curved CM trajectory and faster oscillation.
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Discussion

1. The “center-of-mass pendulum” is a macroscopic interpretation, one that
explains the motion in terms of the average movement of particles (since we
observe the motion of the object’s center of mass, CM).

We are not watching the motion of individual particles directly, but rather their
collective average behavior.

The advantage of this macroscopic explanation is that we do not need to know
the exact motion of each particle; it is sufficient to know that the water surface

takes the form of a cosine curve.

2. This point is extremely important: the “center-of-mass pendulum” model is
not applicable in deep water.
Undoubtedly, when we compute the motion of the CM from the model, that
motion indeed represents the average motion of the entire system. This result
must be correct, but the problem is that it may not correspond to the actual
wave motion at the water surface.

The following analogy may help illustrate this:

Imagine a multi-lane highway. If traffic flows smoothly in all lanes and vehicles
travel at roughly the same speed, computing the average speed of all cars across the
lanes gives a meaningful reflection of the traffic conditions (on each lane) at that

moment.

However, if only the outermost lane remains open while on the other lanes cars are
completely stuck due to accidents, would the average speed of all vehicles on all lanes
still be meaningful? Perhaps yes, but it would no longer reflect the true situation of
the open, functioning lane.

That outermost lane represents the surface water wave, the part we are most

interested in describing.

For shallow-water waves, the advantage lies in the fact that the water is
shallow, the subsurface fluid particles all sway together with the surface wave.
The situation is analogous to vehicles in all lanes moving simultaneously.
Hence, the motion depicted by the CM does indeed represent the wave motion

well; that explanation works.
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As stated before, when the water depth equals half the wavelength, the wave
can already be considered a deep-water wave. In such a case, subsurface
motion is confined to a depth roughly equal to half a wavelength below the
surface. Water deeper than that remains undisturbed by surface waves.
Therefore, if we compute an average motion from the surface all the way to
great depths, it no longer reflects the actual wave motion occurring at the

surface.

Hence, the “center-of-mass pendulum” model applies completely in the
shallow-water region (d < 4/20), and qualitatively for d <1/2.
When d > 4/2, we can at most take d = 4/ 2 for approximation. (Here, “A/2” is

merely a rough numerical boundary.)

The “center-of-mass pendulum” model indeed applies fully to shallow-water
regions (d < A/20). However, when we construct the “water-bodies” using the
plumb line method to determine the CM, if d < /20 is truly satisfied, the
swinging arc of the CM becomes quite flat, making its coordinates difficult to
determine accurately.

In this note, the two sets of water depths used ared =41/5andd =1/3.
Nevertheless, the results we obtained, and the concepts derived from them, are

entirely correct.

Apart from “bottom friction,” another popular explanation claims: “The speed of
deep-water waves is faster because there is more water; the increased mass
makes it easier for gravity to pull the water, hence increasing the wave speed.”
This explanation is clearly incorrect, because the oscillation of a pendulum is

independent of its mass m.

2

Thus, the answer is not “bottom friction,” nor “water weight,” nor “water inertia.’

So, what exactly is it?

The “center-of-mass pendulum” model provides an answer (though perhaps not
the only one): It is a geometrical reason.

Depending on whether the CM moves along a flatter or more curved path, gravity
acting vertically downward (g) finds it easier or more difficult to produce

oscillation, and this directly affects the propagation of the wave.
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5.

The above analysis uses standing waves on water. Then, is this “center of mass—
pendulum” explanation also applicable to traveling waves?

The simple answer: Yes, it is applicable.

In the case of water waves that travel, the “pendulum” still exists, though it is not

as apparent as in standing waves.

Earlier, we assumed that the wave amplitude is the same in both shallow and
deep-water regions; this was only for convenience (to be explained later). In fact,
in the diagram on page 11, the radius L of the “center-of-mass pendulum” is
independent of the amplitude. Readers can produce additional diagrams to
experimentally verify this. However, L is related to the wavelength 4. Since the
wave speed ¢ = 4/ T, and if we assume that A remains the same, then any change

in ¢ is entirely reflected in the change in T (the period).

As we know, apart from this macroscopic explanation, there also exists a
microscopic one. It studies how, based on the motion of individual water
particles, water is transported from a rising crest through the channel above the
seabed toward a depressed trough, thereby deriving the relationship between
wave speed and water depth.

The region between the water surface and the seabed acts like a water pipe:
shallow (or deep) water regions correspond to narrow (or wide) pipes,

respectively. Hence, this model is commonly called the “water-pipe model.”

We firmly believe that the “center of mass—pendulum” explanation is correct.
Whether it is a good explanation may be subjective, but at the very least, we feel
it is highly suitable for secondary school students, because they do not need to
master the patterns of motion of water particles beneath the surface. It is enough

to know that the water surface takes the shape of a cosine curve.

Through hands-on experimentation, one can find the result without involving any

wave theory at all. The explanation is also easy for teachers to present.

Some might say, “But secondary students might not even understand what a

"’

pendulum motion is
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In fact, students don’t need a deep understanding. The teacher can demonstrate a
simple pendulum experiment, allowing them to observe that the period is

independent of amplitude, and that a shorter pendulum oscillates faster.

Do teachers or parents still tell the story of Galileo observing the swinging lamp
in the Pisa Cathedral today?
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